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Let A be a linear, closed, densely defined m-accretive operator from a 
Banach space X to itself, and let T(t), t > 0, be the semigroup of operators 
which has -A as its infinitesimal generator. Let B be a nonlinear, continuous, 
everywhere defined accretive operator from X to itself, and let S(t), t > 0, 
be the semigroup of nonlinear operators which has --B as its infinitesimal 
generator. It is shown that for all x E X, t > 0, lim,,,,(T(t/n) S(t/n))“x = 
U(t)x exists, U(t)x = T(t)x - ji T(t - s) BU(s) E ds, and U(t), t > 0, is 
a strongly continuous semigroup of nonlinear contractions on X. It is shown 
also that -(A + B) is the infinitesimal generator of U(t), t > 0, and A + B 
is m-accretive on X. 
1. INTRODUCTION 
In this paper we investigate the perturbation of a linear, closed, 
densely defined, m-accretive operator by a nonlinear, continuous, 
everywhere defined accretive operator. The main theorem we prove 
is as follows: 
THEOREM I. Let A be a closed, densely defined, linear m-accretive 
operator from a Banach space X to itself, and let T(t), t > 0, be the 
semigroup of operators which has -A as its injinitesimal generator. Let B 
be a continuous, everywhere defined, nonlinear accretive operator from X 
to itself. There exists, for all x E X, a unique solution U(t) x to the 
integral equation 
(1.1) U(t)x = T(t)x - St T(t - s) BU(s)x ds, t > 0. 
0 
Moreover, U(t), t > 0, is a strongly continuous semigroup of nonlinear 
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contractions on X, -(A + B) is the infinitesimal generator of U(t), 
t 3 0, and A + B is m-accretive on X. 
The perturbation theory for linear accretive operators has been 
extensively developed (see, e.g., Kato [7] and Trotter [15]). Recently, 
several authors have investigated the perturbation theory for non- 
linear accretive operators (see, e.g., Segal [14], Browder [4], Crandall 
and Pazy [6], Brezis and Pazy [l], Brezis, Crandall, and Pazy [3], and 
Katol [S]). 
2. DEFINITIONS 
Throughout this paper X will denote a real or complex Banach 
space with norm Ij 11. 
DEFINITION (2.1). An operator A: X + X is said to be acmetive 
on X provided that Re(Ax - Ay,f) > 0 for all x, y E D(A) and some 
f E X* such that (x - y,f) = 11 x -y II2 = 11 f l12. If in addition, 
R(I + hA) = X f or all X > 0, we say that A is m-accretive. 
DEFINITION (2.2). By a strongly continuous semigroup of contrac- 
tions T(t), t > 0, on X we mean a function T from [0, ~ZI) x X to X 
such that 
(1) T(t) T(s) x = T(t + s) x for all t, s 3 0, x E X; 
(2) limb,+ T(t) x = T(0) x = x for all x E X; and 
(3) IIT(t)x- T(t)yII<IIx---yIlforallx,yEX,t),O. 
If each T(t), t > 0, is a linear operator, we say T(t), t > 0, is linear 
and otherwise we say T(t), t > 0, is nonlinear. The infinitesimal 
generator of T(t), t > 0, is the function A: x -+ limt+,,+ (l/t)( T(t) - 1)x 
defined for all x E X for which this limit exists. 
Remark (2.3). It is well-known that -A is the infinitesimal 
generator of a strongly continuous semi-group of linear contractions 
on X if and only if A is linear, closed, densely defined, m-accretive, 
and in fact, satisfies Re(Ax - Ay, f) > 0 for all x, y E D(A) and all 
f E X* such that (x - y, f) = 11 x - y II2 = 11 f /I2 (see, e.g., Yosida 
[17]). It is shown by Martin in [ 1 l] that if B is nonlinear, continuous, 
everywhere defined, and accretive, then -B is the infinitesimal 
generator of a strongly continuous semigroup of nonlinear contrac- 
tions on X and B is m-accretive. We will use the methods of 
1 The author wishes to thank Professor T. Kato for his helpful suggestions. 
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Martin [ 1 l] to prove the existence and uniqueness of solutions to (1.1). 
We will use the following result of Martin [lo, Proposition 2.51: A is 
accretive on X if and only if 
(2.4) lirnJ x - y  - h(Ax - Ay)lI - /I x - y  I/)/h < 0 for all x,y E D(A). 
3. THE MAIN RESULTS 
Theorem I will be proved by means of the propositions which 
follow, each of which is under the hypothesis of the theorem. We first 
establish in Proposition (3.1) the local existence of solutions to (1.1). 
The main idea of the proof of Proposition (3.1) is due to Martin [I 11. 
PROPOSITION (3.1). F or each x E X there is a positive number T 
and a continuous function u(., x): [0, T] -+ X such that 
(3.2) u(t, x) = T(t)x - j; T(t - s) Bu(s, x) ds, O<t<T. 
Proof. Let x E X and let V be a neighborhood of x for which 
there exists M > 0 such that 11 Bv 11 < M for all v E V. Choose T > 0 
and a sequence {xn)& C D(A) such that {x,}$i converges to x, and 
if v = T(t) x, + w, where 0 < t < T, n is a positive integer, and 
]I w ]I < TM, then v E V and so I] Bv 11 < M. Let n be a positive 
integer, let ton = 0, and let un(ton) = x, . Inductively, for each posi- 
tive integer i, define Ain, tin, un(tTmL-l) such that 
(i) 0 < Sin and tFel + ain < T; 
(4 If II z - un(t2dI < PM + maxoG16sin ll(T(t) - 4 u,(CL)ll, 
then 11 Bz - Bu,(ttl)ll < l/n; 
and 13~” is the largest number such that (i) and (ii) hold. Define 
tin = tZ1 + Sin and for each t E [typI , tin] define 
(3.3) an(t) = T(t - t:-J u,(&) - j;;-, T(t - s) Bu,(t;!“_,) ds. 
One shows that for t E [tzpl , tkn], 
(3.4) un(t) = T(t) x, - z j:;, T(t - 4 %Kd ds 
-I 
t 
6-I 
T(t - s) Bu&&) ds. 
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From (3.4) one proves, by induction, that un(t) E V, which implies 
that I] Bz~,(t)]j < M. Then, from (3.3) one proves for t E [tP1 , tin], 
which implies that 11 Bu,(t) - Bu,(tT-r)lj < l/n. Using the fact 
that if z is of the form z = Ji T(s) y, y E X, then x E D(A) and 
--AZ = T(b) y - T(a) y, one sees that if t E (ty-r , tin) 
(3.5) f&-;(t) = -(Au,(t) + Bu,(tyg) 
= -T(t - t:-J(Az4n(t~-l) + %atclN~ 
We will show that there exists some positive integer N such that 
tNn = T. Assume that tin < T for all i. Let s,, = limi+m{ti”}. We 
show that limi+m{Un( tin)} exists. From (3.4), for j >, K, 
II %(V) - %&c”ll < II(W” - &en) - 4 &a II + (4” - tkn)M 
+ i (tin - tr-1) II(T(ti” - tkn) - I)BU&-Jll. 
i=l 
Let E > 0. Choose h sufficiently large such that for j > h, 
II(T(tp - thn) - I) x, I] < l /6 and (tin - thA) < E/~M. Choose K 
sufficiently large such that K > h and if j > k, then 
II(T(ty - tk”) - I) B~4,(t~-~)ll < 46T for all i, l<i<h. 
Then, for j > K, 
i=h 
+ i (ti” - t:J ll(T(t,” - hn) - 0 ~~&;-JI 
i=l 
< e/6 + 46 + 43 + 46 = E. 
Let z, = lim,,, (u,(tin)). Let 0 < 01 such that if )I z - z0 I] < 01, 
then (I Bz - Bz,, 11 < 1/2n. Let 0 < j3 such that if 0 < t < /?, then 
Ij(T(t) - I) un(tin)II < ar/4 for all i = 0, 1, 2,... . Choose K sufficiently 
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large such that Skn < (u/4M, Zkn -=c /3, and 11 ~Jtb~) - z. 11 < a/4. 
If II x - ~~(ti,L)ll < MS,* + maXgGtGBkn MT(t) - 4 ~&L)ll + a/4, 
then II z - UNIX < 301/4, and so 
which implies 
This is a contradiction to the fact that 6,” is the largest number such 
that (i) and (ii) hold and, hence, there is some integer N = N(n) such 
that tNn = T. 
We next show that the sequence of continuous functions {urn(t)) 
converges uniformly to a function u(t, x) from [0, T] to X. Let m 
and n be positive integers and define p(t) = )I u%(t) - u,(t)ll. Let 
t E (0, T) where there exist positive integers j and k such that 
t E (trl , tjm) and t E (tZ1 , tklz). From (2.4) and (3.5) we have that 
P’ (0 = &$lP)(ll %a - %(4 + WJ~) - 4mll - II 4) - %n(~>li) 
Then, p(t) < T( l/n + l/m) for t E [0, T] and so {u%(t)} converges 
uniformly to a continuous function u(t, z) on [0, T]. Finally, one 
uses the uniform convergence of {urn(t)) to u(t, x), the uniform con- 
tinuity of B on u(t, x), t E [0, T], and the formula (3.4) to show that 
u(t, x) satisfies (3.2) on [0, T]. 
PROPOSITION (3.6). Let x, y E X. If u(t, x) and o(t, y) satisfy (3.2) 
on [0, Tu] and [0, T,], respectively, then 
(3.7) II u(t, x) - ~(4 r)ll < II x -y II for 0 < t d mW, , TV). 
Consequently, the solutions to (3.2) are unique and 
(3.8) u(t + t’, x) = u(t’, u(t, x)) for 0 < t + t’ < T, . 
Proof. Let {x~}&~ _C D(A) such that {x~} converges to x and let 
{Yn>nm,l c D(A) such that {yn} converges to y. For each positive 
580/10/z-5 
196 WEBB 
integer n let {tin}& be a partition of [0, min{T, , TV)] and define for 
t E [tt-l , tkn], 
u&, x) = T(t) x, - i j;:, V - 4 MC”_, 94 ds 
I 
t 
- 
tkn4 
T(t - s) Bu(t;-_, , ix) ds, 
w&y) = T(t) y, -‘2’ j;;l T(t - s) WC-“_, , Y) ds id 
s t - c-1 T(t - s) Bw(t;e_, , y) ds. 
Then, 
and 
z&-p, x) = -(AZ&, x) + Bu(& , x)) 
vi-(t, y) = -(~~,(4 Y) + WE-1 > Y)) 
for t E (& , tkA). Arguing as in Proposition (3.1), we see that for 
p,(t) = lb,@, x) - vn(t, Y) II and t E (C-1 , hn), 
K(t) < II ~~(t~-l ,x) - k(t, x>II + II BfG-1 9 Y) - h$> Y)lI, 
and so {p:-(t)} converges uniformly to 0 if the mesh of {tin}~xo goes 
to 0 with n. Since (p,(t)} converges uniformly to 11 u(t, x) - w(t, y)I], 
(3.7) is established. The uniqueness of solutions to (3.2) now follows 
and (3.8) then follows from the fact that 
u(t + t’, x) = T(t + t’)x - j” T(t + t’ - s) Bu(s, x) ds 
0 
s 
t+t, 
- T(t + t’ - s) Bu(s, x) ds, 
= T(I+‘(t)r - j: T(t - s) Bu(s, x) ds) 
s 
t’ - T(t’ - s) Bu(t + s, x) ds, 
0 
ZZ T(f) u(t, x) - jr T(t’ - s) Bu(t + s, x) ds. 
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PROPOSITION (3.9). The solution u(t, x) to (3.2) exists on [0, oo)for 
each x E X. Moreover, if U(t), t > 0, is defined by U(t) x = u(t, x), 
then U(t), t > 0, is a strongly continuous semigroup of nonlinear contrac- 
tions on X. 
Proof. Let u(t, x) be defined on [0, T,). If 0 < h, h’ such that 
h’ - h >, 0 and 0 < T,, - h, T, - h’, then by (3.7) and (3.8) 
II u(Tll - h, 4 - co - A’> x)ll, 
= I/ up, - h’, u(h’ - h, x)) - u(T, - h’, x)11, 
< 11 u(h’ - h, x) - x 11. 
Thus, lim,,,- u(t, x) exists and so u(t, x) can be continued past T, 
by Proposition (3.1). The second statement of the proposition then 
follows from Proposition (3.6). 
PROPOSITION (3.10). Let U(t), t > 0, be the strongly continuous 
semigroup of nonlinear contractions as in (3.9). Then, -(A + B), 
W + 4 = WA), is the infinitesimal generator of U(t), t > 0. 
Proof. If x E X, then lim t,o+(l/t) J; T(t - s) BU(s) x ds = Bx, 
since 
// (l/t) j; T(t - s) H&)x ds - Bx I/ 
< s~txl /I BU(S)X - BX II + g;;, II W - 4 Bx - Bx II. 
Thus, lim,,,+( l/t)( U(t)x - x) exists if and only if liml,,+(l/t)( T(t)x - x) 
exists, and so -(A + B) is the infinitesimal generator of U(t), t >, 0. 
Remark (3.11). If X is a reflexive Banach space, then for x E D(A), 
U(t) x is differentiable almost everywhere on [0, co), since x E D(A) 
implies that U(t) x is Lipschitz continuous in t. Thus, we see that 
if X is reflexive, then for all x E D(A), 
d+/dt U(t)x = -(A + B) U(t)x for almost all t > 0. 
In Section 4 we give an example to show that if X is not reflexive, 
then there may exist x E D(A) such that d+/dt U(t) x does not exist 
for any t > 0. 
We may generalize Theorem I in the following manner: 
THEOREM II. Let w, y be real numbers. Let A be a linear, closed, 
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densely dejned operator from X to X such that A -+ WI is m-accretive, 
and let T(t), t > 0, be the semigroup of operators which has -A as its 
in.nitesimal generator. Let B be a nonlinear, continuous, everywhere 
defined operator frcm X to X such that B + yI is accretive. Then, 
-(A + B) is the infinitesimal generator of a strongly continuous semi- 
group of nonlinear operators U(t), t > 0, on X such that 
(3.12) /I U(t)x - U(t)y [j < e(w+v)t I/ x -y 11 for all x, y E X, t > 0. 
The proof of Theorem II has no essential change from the proof 
of Theorem I and so we do not prove it here. We note that one uses 
the following fact shown by R. Martin in [lo, Corollary 2.21: 
(3.13) A + wl is accretive if and only if for all x, y E D(A) 
$11 x -Y - Wx - Ar)lI - II x -Y IIW < w  II x -Y II. 
Consequently, if A is linear, A + WI is accretive, and B + yI is 
accretive, then (A + B) + (w + y) I is accretive, and for all 
x,y~@A + B) 
(3.14) fl+@ll x -Y - NV + B)x - (A + B)y)ll - II x -Y III/h 
<(QJ+Y)IIx-YII* 
We shall use Theorem II in proving our next proposition. 
PROPOSITION (3.15). Let A and B be as in Theorem I. Then, 
A + B is m-accretive on X. 
Proof. Let X > 0 and let z E X. Define A, = hA + I and 
B, = hB - z. The hypothesis of Theorem II is satisfied with w  = - 1 
and y = 0, and so -(A, + B,) is the infinitesimal generator of a 
strongly continuous semigroup of nonlinear operators Ul(t), t > 0, 
satisfying 
II Wb - WOY II d e-t II x -Y II for all x, y E X, t 3 0. 
Let t, > 0 and let xi be the unique fixed point of Ul(tl). Then, for all 
t >, 0, Ul(t) x1 = Ul(t) Ul(tl) x1 = U1(tl) Ux(t) x1 and so U,(t) x1 = x1 
for all t > 0. But then -(A, + B,) x1 = d+/dt U1(t) x1 llzO = 0 and 
so -@A + I) x1 - (hB - z) x1 = 0. Hence, (I + h(A + B)) x1 = z 
and so A + B is m-accretive. 
Remark (3.16). Since we now know that for A and B as in 
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Theorem I, A + B is m-accretive on X, we can apply a theorem of M. 
Crandall and T. Liggett [5] to obtain the following: 
(3.17) For A + B m-accretive on X 
$(I + t/?&4 + It))-% = V(t)x 
exists for all x E X, t 3 0, and the convergence is uniform for fixed x 
on bounded t-intervals. Moreover, V(t), t > 0, is a strongly continuous 
semigroup of nonlinear contractions on X. 
PROPOSITION (3.18). Let A, B, T(t), t > 0, and U(t), t > 0, be as 
in Theorem I and let V(t), t > 0, be as in (3.17). Then 
(3.19) V(t)x = T(t)x - j; T(t - s) BV(s)x ds, XEX, t 20. 
Consequently, by the uniqueness of solutions to (3.19), U(t) = V(t) for 
all t > 0. 
Proof. We will use the well-known facts that if B is m-accretive, 
then (I + hB)-l exists and is a contraction for all X > 0 and 
(I + hB)-l x is continuous in X for fixed x (see, e.g., M. Crandall and 
T. Liggett [5]). W e s h ow first that if x E X, t > 0, and n is a positive 
integer, then 
(3.20) (I + t/n@ + B))-“x 
= (I + t/&4)-% 
- (t/n) g (I + t/&4)-‘“-“fl’B(I + +(A + wix* 
To establish (3.20) one uses induction and the fact that 
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To establish (3.19) we obtain from (3.20) that for x E X, t > 0, 
(3.21) 
Il(I + t/f@ + B))-” - (T(t)x - i t/nT(t - t(i - 1)/n) BV(t(i - l)/n)xll 
i=l 
< ll(l + t/q- - T(t)x II 
+ i t/n /I(1 + t/d)-‘“-i’l’(B(I + t/n(A + B))-ix - BV(t(i - 1)/fz)x)~~ 
i=l 
+ -f t/n ll((I + t/f.q- -’ (72 s+l) - T(t - t(i - l)/?z)) BV(t(i - I)/fz)x /I. 
i=l 
Then, using the facts that lim,,,(l + s/n(A + B))-n x = V(S) x 
exists uniformly for 0 < s < t and lim,,,(l + s/n&” y = T(s) y 
exists uniformly for 0 < s < t, y in a compact subset of X, we see 
that the right-hand side of (3.21) tends to 0 as n --+ co. Hence, we 
have (3.19). 
The proof of th e next proposition is due to H. Brezis. 
PROPOSITION (3.22). Let A, B, T(t), t > 0, and U(t), t > 0, be as 
in Theorem I, and let S(t), t > 0, be the strongly continuous semigroup 
of nonlinear contractions which has -B as its in..nitesimal generator [see 
Remark (2.3)]. Then, for x E X, t > 0, 
(3.23) U(t)x = lh(T(t/n) S(t/n))~x 
and the convergence is uniform on bounded t-intervals. 
Proof. It is shown by H. Brezis and A. Pazy in [2] that if F(t), 
t > 0, is a family of contractions from X to X, C is m-accretive on X, 
W(t), t 2 0, is the semigroup generated by C in the sense of 
M. Crandall and T. Liggett (3.17), and lim,,,+(l/t)(F(t)x - x) = -Cx 
for every x E D(C), then for every x E X and uniformly for t in 
bounded intervals, 
liiF(t/n)% = W(t)x. 
Apply this result with F(t) = T(t) S(t), C = (A + B), W(t) = U(t). 
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= ~$p/t)(T(t) x - 4 + W)(l/~)(W) x - a, 
= -(A + B)x for all x E D(A + B) = D(A). 
Hence we obtain (3.23). 
Remark (3.24). The Definition (2.1) of accretive is due to T. Kato. 
If one requires that Re(Ax - Ay,f)’ > 0 for all x, y E D(A) and all 
f~ X* such that (x - y,f) = 11 x - y II2 = ljf112, then A is accretive 
in the sense of F. Browder. In the case of Theorem I the two defini- 
tions coincide for A + B. Indeed, following R. Martin [ll], for 
zc,y~D(A + B)andfEX* such that (x - y,f) = 11 x - y II2 = llf112, 
Re((A + B>x - (A + B)y, f) 
We conclude this section with the observation that as a consequence 
of Theorem 4.1 and Corollary 4.2 of H. Brezis and A. Pazy [2] we 
obtain the following result: 
PROPOSITION (3.25). Let A, B, T(t), t > 0, be as in Theorem I 
and let (Bk}~E1 be a sequence of nonlinear operators from X to X such 
that each B, is continuous, everywhere deJined, and accretive, and 
w&-l converges pointwise to B on X. Let UB(t), t > 0, UBn(t), t > 0, 
be the strongly continuous sem&roups of nonlinear contractions on X 
which have in..nitesimal generators -(A + B), -(A + Bk), respec- 
tively, as in Theorem I. Then, {(I + (A + B,))-‘}& converges point- 
wise to (I + (A + B))-l on X and { UBk(t) x},& converges to UB(t) x 
for each jixed x, the convergence being uniform on bounded t-intervals. 
4. AN EXAMPLE 
In [14] I. Segal establishes the local existence for the integral 
equation (1 .I) under the additional assumptions that B is locally 
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Lipschitz continuous. If B satisfies further differentiability conditions, 
local existence is established for the differential equation d/dt U(t) x = 
-(A + B) u(t) x, x E D(A). We illustrate below an example in which 
nondifferentiability occurs. 
EXAMPLE (4.1). Let X = C([O, co)), the Banach space of bounded 
and uniformly continuous real-valued functions on [0, 0~)) with 
supremum norm. Let Ax = --x’ where D(A) = (Z E X : x’ E Xl. 
Then -A is the infinitesimal generator of T(t), t 3 0, where 
(T(t) x)(s) = x(t + s) and A is linear, closed, densely defined, and 
m-accretive on X. Let (Bx)(s) = 0 if x(s) < 0 and x(s) if x(s) > 0. 
Then, -B is the infinitesimal generator of s(t), t > 0, where 
(S(t) x)(s) = x(s) if x(s) < 0 and e-%(s) if x(s) > 0. Moreover, B is 
nonlinear, continuous, everywhere defined, and m-accretive on X. 
By Theorem I and Proposition (3.22) lim& T(t/n) S(t/n))n x = U(t)x 
defines a strongly continuous semigroup of nonlinear contractions 
on X with infinitesimal generator -(A + B). Since, in this case, 
T(t) and 5’(t) commute for all t > 0, we see by Proposition (3.22) that 
U(t) x = T(t) S(t) x = S(t) T(t) x and so (U(t) x)(s) = x(t + s) if 
x(t + s) 6 0 and e-“x(t + s) if x(t + s) > 0. If U(t) x E D(A), then 
(-AU(t) x)(s) = x’(t + s) if x(t + s) < 0 and e-“x’(t + s) if 
x(t + s) > 0. Thus, we see that there exist functions x E X such that 
U(0) x = x E D(A), but U(t) x $ D(A) for any t > 0. For example, 
one can let x(s) = sin s. 
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